Abstract. Topologically, compact toric varieties can be constructed as identification spaces: they are quotients of the product of a compact torus and the order complex of the fan. We give a detailed proof of this fact, extend it to the non-compact case and draw several, mostly cohomological conclusions.
Introduction
Let T ∼ = (S 1 ) n be a torus with Lie algebra t ∼ = R n , and P a full-dimensional polytope in the dual t * of t, integral with respect to the weight lattice. The toric variety X P associated with P is projective, and T as well as its complexification T ∼ = (C * ) n act on it.
In the article [J] , Jurkiewicz showed that one can recover P as the image of the moment map X P → t * , and that this map is the quotient of X P by the action of the compact torus T . (See also Atiyah [A] .) Since X P /T is canonically embedded into X P as its non-negative part, Jurkiewicz's result immediately yields a T -equivariant homeomorphism (1.1)
where two points (t 1 , x 1 ), (t 2 , x 2 ) ∈ T × P are identified if x 1 = x 2 , say with supporting face f of P , and if t 1 t
−1
2 lies in the subtorus of T whose Lie algebra is the annihilator of lin(f − x 1 ). The aim of this note is to prove a similar description for arbitrary toric varieties.
Let Σ be a not necessarily complete fan in t, rational with respect to the lattice of 1-parameter subgroups of T , and let F (Σ) be the order complex of Σ. (If Σ is the normal fan of the polytope P , then F (Σ) can be thought of as the barycentric subdivision of P .) Define the T -space This construction has appeared in Davis-Januszkiewicz's work on (quasi)toric manifolds [DJ] , but without linking it with algebraic geometry. Fischli and Yavin [Fi] , [FY] , [Ya] attributed construction (1.2) to MacPherson and used it as the definition of a toric variety. Because since then several authors [Jo] , [WZŽ] , [C] , [Pa] have applied (1.2) to toric varieties in the usual sense, we feel that it might be beneficial to supply a justification for this.
Toric varieties defined over monoids
In this section we briefly recall how to define toric varieties over submonoids of C, and then state analogues of Theorem 1.1 and Corollary 1.2 Standard references for toric varieties are [O] , [F] and [E] ; see in particular [O, Sec. 1.3] and [F, Sec. 4.1] for real toric varieties and non-negative parts.
Let N be a free Z-module of rank n with dual M = N ∨ . Extensions to real scalars are written in the form N R = N ⊗ R. (Unless stated otherwise, tensor products are taken over Z.)
Let k be a multiplicative submonoid of C containing 0 and 1. We write T(k) = Hom (M, k) for the group of monoid homomorphisms M → k (or, in this case equivalently, of group homomorphisms M → k
). Then T(C) and T (C) are the algebraic torus T and the compact torus T introduced earlier, and
For a rational cone σ ⊂ N R with dual σ ∨ ⊂ M R , the affine toric variety X σ (k) is defined as the set of monoid homomorphisms
Since σ ∨ ∩ M is finitely generated, we may embed Hom(σ
, which induces a topology on X σ (k). (We always use the metric topology on C, hence on X σ (k).) The "tori" T(k) and T (k) act on X σ (k) by pointwise multiplication of functions.
As in the introduction, Σ denotes a rational fan in N R . The toric variety X Σ (k) is obtained by gluing the affine pieces X σ (k) together as prescribed by the fan; it is a Hausdorff space. We write x σ ∈ X σ (k) for the distinguished point of X σ (k),
and O σ (k) for its orbit under T(k). These orbits partition X Σ (k). Note that X Σ (C) is the usual complex toric variety, X Σ (R) its real part and X Σ (R + ) its non-negative part (the 'associated manifold with corners'). As done in the introduction, we often write
Recall that the p-simplices of the order complex F (Σ) are the strictly ascending sequences σ 0 < · · · < σ p of length p + 1 in the partially ordered set Σ. (This is the same as the nerve of Σ, considered as a category with order relations as morphisms.) In particular, vertices of F (Σ) correspond to cones in Σ. One may think of F (Σ) as the cone over the barycentric subdivision of the "polyhedral complex" obtained by intersecting the unit sphere S n−1 ⊂ N R with Σ. In analogy with (1.2), we define the T (k)-space
where the identification is done as follows: For x ∈ |F(Σ)|, say with supporting
We have the following generalizations of results stated in the introduction, where k denotes either C, R or R + . The proof of Theorem 2.1 appears in the following section.
Equivariant CW complexes are defined in [AP, Sec. 1.1] , for instance.
3) with the standard construction of a homotopy colimit of a diagram of spaces, cf. [WZŽ, Sec. 2] , we arrive at the following observation, which was made in [WZŽ, Prop. 5.3] for compact complex toric varieties:
A topological description of toric varieties
We write Σ i ⊂ Σ for the subset of i-dimensional cones and Σ max for the set of (with respect to inclusion) maximal cones. For a cone σ ∈ Σ, let N σ be the intersection of N with the linear hull of σ, and π σ : N → N (σ) = N/N σ be the quotient map as well as its analogue over R.
3.1.
Case of complete Σ and k = R + . Since T (k) = 1 is trivial in this case, it suffices to exhibit a triangulation of the non-negative part
Choose a point v σ ∈ N in the interior of σ, for example the sum of the minimal integral generators of the extremal rays of σ. Let
be the corresponding 1-parameter subgroup. Because Σ is complete, the variety X Σ (R + ) is compact, so that the limit λ σ (0) x := lim t→0 λ σ (t) x exists for all x ∈ X Σ (R + ). For the limits we are interested in, this will become evident during the proof of the following lemma.
for x ∈ X σ (k), m ∈ σ ∨ ∩M , and the 1-parameter subgroup λ with differential v ∈ N . In our case, all exponents in
1 By 'interior' we always mean 'relative interior'. are non-negative since all v σi lie in σ p . Hence the map ϕ α is well-defined and continuous.
If 
Proof. It suffices to show that interiors of the simplices with initial vertex σ 0 = σ partition O σ (R + ). To this end we define a complete fan Σ σ in N (σ) R which is the "barycentric subdivision" of the star of σ. Its cones τ σ (α) are labelled by simplices α = (σ 0 , . . . , σ p ) ∈ F(Σ) with initial vertex σ 0 = σ, and are spanned by the rays through the vectors
The exponential map exp σ :
is a real analytic isomorphism, in particular bijective. It is clear from Lemma 3.1 that exp σ maps the interior of the cone −τ σ (α) onto the interior of B(α). Since the interiors of the cones in Σ σ partition N (σ) R , this proves the claim.
3.2. Case of complete Σ and arbitrary k. The inclusion R + ֒→ k induces an inclusion X Σ (R + ) ֒→ X Σ (k), similarly, the norm k → R + , z → |z| induces a retraction X Σ (k) → X Σ (R + ). Both maps are compatible with the orbit structures. This implies that the restriction
This map must be a homeomorphism since Y Σ (k) is compact and X Σ (k) Hausdorff.
3.3. Case of arbitrary Σ. Any rational fan is a subfan of a complete rational fanΣ, cf. [E, Thm. 9 .3]; equivalently, any toric variety
Recall from Section 3.1 that the interior of the simplex B(α) is contained in the orbit corresponding to the initial vertex of α. Therefore, the closed T(R + )-subvariety
is the union of all simplices B(σ 0 , . . . , σ p ) such that σ 0 , hence all vertices σ i are not in Σ. Denote this subcomplex of There is another, more intrinsic description of this subdivision, which in particular shows that it is canonical and does not depend on the choice of interior points v σ used to define the simplices B(α) in Section 3. In fact, 
Note also that this proof shows that the canonical inclusion X Σ (I) → X Σ (R + ) is in fact surjective. One sees similarly that for the disc D The idea of the proof of Theorem 1.3 is to identify the piecewise polynomials on the fan Σ with the kernel of some "Mayer-Vietoris differential" for X Σ and then to relate this kernel to the so-called 'Atiyah-Bredon sequence' for X Σ .
5.1.
Step 1. Recall that any toric variety X Σ is covered by the affine toric subvarieties X σ where σ runs through Σ max , the set of maximal cones. The intersection of any two affine toric subvarieties X σ and X τ is the affine toric subvariety X σ∩τ .
Any affine toric variety X σ can be equivariantly retracted onto its unique closed orbit O σ and the latter onto the T -orbit T /T σ of x σ . This establishes canonical isomorphisms
, where Z[σ] denotes the polynomials on N σ (or, equivalently, on σ ∩ N ) with integer coefficients. The induced grading on polynomials is twice the usual degree. Moreover, for any pair τ ≤ σ the map H *
induced by the inclusion X τ ֒→ X σ corresponds under the isomorphism (5.2) to the restriction of polynomials from N σ to N τ . In the following, we will not distinguish between polynomials and elements in the various cohomology groups in (5.2).
Fix some ordering of Σ max . A piecewise polynomial on Σ can be given uniquely by a collection of polynomials f σ ∈ Z[σ], σ ∈ Σ max , that agree on common intersections. In other words, we can identify PP (Σ; Z) with the kernel of the map
where we have used the same notation as in [BT, §8] . (In fact, the map δ is the differential between the first two columns of the E 2 term of the Mayer-Vietoris spectral sequence associated to our covering of X Σ by maximal affine toric subvarieties.)
5.2.
Step 2. Our first observation is standard (at least for cohomology with field coefficients).
Lemma 5.1. The following conditions are equivalent for a toric variety X Σ :
The Serre spectral sequence for the Borel construction of X Σ degenerates at the E 2 level.
Proof. The implication (1) ⇒ (2) as well as the equivalence (2) ⇔ (3) hold for any T -space. For (3) ⇒ (1) we use that H * [FP] or the proof of Proposition 5.2 below. Since X T Σ is discrete, this forces H * T (X Σ ; Z) to be concentrated in even degrees, hence also H * (X Σ ; Z). Proof. We abbreviate X Σ = X.
Since in the case of toric varieties all isotropy groups are connected, the conditions listed in Lemma 5.1 imply by a result of Franz-Puppe [FP] that the "AtiyahBredon sequence"
is exact. (The first part of (5.4) up to H * T (X 1 , X 0 ; Z) is also called the "ChangSkjelbred sequence".) Here X i denotes the equivariant i-skeleton of X, i.e., the union of all orbits of dimension at most i. In particular, X 0 = X T , the fixed point set. The map ι * is induced by the inclusion ι : X T ֒→ X, and δ i is the differential in the long exact cohomology sequence for the triple (X i+1 , X i , X i−1 ). Note that while [FP] work in the setting of finite T -CW complexes, Corollary 1.2 allows us to apply this result to X even in the non-compact case; here we use that the canonical T -homotopy described in Section 3.3 preserves orbit types.
We have
and the differential (5.6)
is a "block matrix" whose components are the maps
for those pairs (σ, τ ) where O τ ⊂Ō σ , i.e., where τ ∈ Σ n−i is a facet of σ ∈ Σ n−i+1 . Now assume that τ ∈ Σ is maximal and of codimension k > 0. Then, by maximality, H *
, and no non-zero element of H * T (O τ ; Z) can be in the image of the differential δ k−1 . Let σ be a facet of τ . (If τ were the zero cone, then X would a complex torus and H 1 (X; Z) = 0, contrary to our assumptions.) The toric varietyŌ σ is described by the star of σ in Σ (cf. [F, Sec. 3.1] ), which we denote byσ. To compute the map (5.7), we replaceŌ σ by the T -equivariantly homotopy equivalent T -CW com- 
The map H *
. Pick a non-zero element f σ in its kernel. Then the product of all these f σ , as σ runs through the facets of τ , is a non-zero element in the kernel of the differential δ k .
The commutativity of the right square follows from formulas (5.3) and (5.14).
Since the differential δ 0 is the composition of δ and another map, the kernel of δ 0 contains that of δ. We know that ker δ 0 = H * T (X; Z). We also know that the map ι * induced by the inclusion of the fixed point set is injective, and its image is contained in the kernel of δ. Hence H * T (X; Z) ⊂ ker δ ⊂ ker δ 0 = H * T (X; Z), so both kernels agree. This finishes the proof of Theorem 1.3.
Torsion-free cohomology
We now turn our attention to toric varieties whose equivariant cohomology is not only concentrated in even degrees, but also torsion-free. This property can be characterized nicely in terms of equivariant cohomology; moreover, it behaves well when passing to orbit closures. Proof. We know from Proposition 5.2 that all maximal cones in Σ are full-dimensional. Group these cones in Σ into "connected components" in the sense that all cones in a component can be connected by full-dimensional cones sharing a common facet. Then the number of these components is the dimension of the free Z-module of "piecewise constant functions" on Σ, in other words, the dimension of the kernel of the differential δ 0 in the Atiyah-Bredon sequence. But this equals dim H 0 T (X Σ ; Z) = 1 because the sequence is exact. So condition (6.6) holds for τ = 0 ∈ Σ, the zero cone.
To reduce the case of general τ ∈ Σ to the case τ = 0, we consider the orbit closureŌ τ ⊂ X Σ . By Proposition 6.2, H * (Ō τ ; Z) is torsion-free and concentrated in even degrees. Therefore, condition (6.6) holds for the zero cone in the star of any τ , which means that it holds for all τ ∈ Σ.
We leave it to the reader to check that it would actually be enough to assume H odd (X Σ ; Q) = 0. But even over the rationals one cannot hope for a converse to Proposition 6.5: An example originally due to Eikelberg and further studied by Barthel-Brasselet-Fieseler-Kaup [B 
